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Abstract
It is known that each conjugacy class of actions of PGL(2, Z) on Fq ∪ {∞} can be represented by
a coset diagramD(, q), where  ∈ Fq and q is a power of a prime p. In this paper, we are interested
in parametrizing the conjugacy classes of actions of the inﬁnite triangle group$(2, 3, 11)= 〈x, y :
x2 = y3 = (xy)11 = 1〉 on Fq ∪ {∞}. For each  ∈ Fq we then associate a coset diagram D(, q)
depicting the conjugacy class of actions of$(2, 3, 11) onFq∪{∞}.Wehave obtained conditions on 
and qwhich guarantee only those coset diagramswhich depict homomorphic images of$(2, 3, 11) in
PGL(2, q).We are interested in ﬁnding also when the coset diagrams for the actions of PGL(2, Z)
on Fq ∪ {∞} contain vertices on the vertical line of symmetry. It will enable us to show that for
inﬁnitely many values of q, the group PGL(2, q) has minimal genus, while also for inﬁnitely many
q, the group PSL(2, q) is an H∗-group.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
It is well known that the modular group PSL(2, Z) is generated by the linear-fractional
transformations x : z→−1/z and y : z→ (z− 1)/z, which satisfy the relations
x2 = y3 = 1. (1.1)
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The linear-fractional transformation t : z → 1/z inverts x and y, that is, t2 = (xt)2 =
(yt)2=1, and so extends the groupPSL(2, Z) toPGL(2, Z).The extendedmodular group
PGL(2, Z) is then generated by x, y and t and its deﬁning relations are
x2 = y3 = t2 = (xt)2 = (yt)2 = 1. (1.2)
Let q be a power of a prime p. Then the group PGL(2, q) is the group of all transfor-
mations z → (az + b)/(cz + d) where a, b, c, d are in Fq and ad − bc = 0, while the
group PSL(2, q) is its subgroup consisting of all those linear-fractional transformations
z→ (az+ b)/(cz+ d) where ad − bc is a non-zero square in Fq.
Let PL(Fq) denote the projective line over Fq, that is, Fq ∪ {∞}. If we let PGL(2, Z)
act on PL(Fq), then every element of PGL(2, q) gives a permutation on the points of
PL(Fq), and so PGL(2, q) is a subgroup of the symmetric group Sq+1.As the elements of
PSL(2, q) give only even permutations, it is therefore a subgroup of the alternating group
Aq+1.
Triangle groups are represented by
(l, m, n)= 〈x, y : xl = ym = (xy)n = 1〉, (1.3)
where l, m, n> 1. Their signiﬁcance is well explained in [5,7].
It is well known that (l, m, n) is isomorphic to a subgroup of PSL(2, C), that x is of
order l, y is of order m and xy is of order n. If
s((l, m, n))= 1
l
+ 1
m
+ 1
n
, (1.4)
then(l, m, n) contains the fundamental group of a positive genus of orientable surface as
a subgroup of a ﬁnite index whenever s((l, m, n))1. Furthermore, if s((l, m, n))< 1,
the genus of the surface is greater than 1 and consequently(l, m, n) contains a free group
of rank 2 [1].
The triangle groups (2, 3, n) are specially important for being homomorphic images
of PSL(2, Z). These triangle groups are inﬁnite if and only if n6. The ﬁnite groups
(2, 3, n), n5 are known and they are: trivial, S3, A4, S4, and A5 for n= 1, 2, 3, 4, and
5, respectively. When n= 6, then the group (2, 3, 6) is an extension by the cyclic group
C6 of a free abelian group of rank 2.A study of this group can be found in [10]. For n=7, the
triangle group (2, 3, n) becomes a Hurwitz group which is extensively studied in [8,15].
Useful information regarding (2, 3, 8) is available in [2]. It has been proved there that
a ﬁnite group representable as the automorphism group of some surface of genus g is of
order 48(g − 1) if and only if it is a factor group (2, 3, 8)/k, where k has no elements
of ﬁnite order except the identity. Also in his Ph.D. thesis at the university of Birmingham
(1971), Chetiya found many examples of ﬁnite (2, 3, 8) groups including those of the
form PSL(2, q) and PGL(2, q). The triangle group (2, 3, 9) is studied in [14]. We are
therefore interested in triangle groups (2, 3, 11).
The triangle group (2, 3, 11) has a fundamental domain consisting of two copies of a
hyperbolic triangle with angles /2, /3, /11. Let a, b, c be the vertices of the hyperbolic
triangle and Ri represent hyperbolic reﬂection in hyperbolic sides Mi (i = 1, 2 and 11).
Let x = R11R3 and y = R2R11, so that yx = R2R11R11R3 = R2R3. Then, R11R3 is an
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anticlockwise hyperbolic rotation of  about a, R2R11 is an anticlockwise hyperbolic rota-
tion of 2/3 about b, and R2R3 is an anticlockwise hyperbolic rotation of 2/11 about c.
Hence x2 = y3 = (xy)11 = 1 which is (2, 3, 11). The space that (2, 3, 11) acts on, is
hyperbolic. In this paper, we are interested in parametrizing the conjugacy classes of actions
of $(2, 3, 11) on Fq ∪ {∞}. For each  ∈ Fq we then associate a coset diagram D(, q)
depicting the conjugacy class of actions of$(2, 3, 11) on Fq ∪{∞}.We have obtained con-
ditions on  and q which guarantees only those coset diagrams which depict homomorphic
images of the inﬁnite triangle group$(2, 3, 11) in PGL(2, q).We are interested in ﬁnding
when the coset diagrams for the actions of PGL(2, Z) on Fq ∪ {∞} contain vertices on
the vertical line of symmetry. It will enable us to show that for inﬁnitely many values of the
prime-power q, the group PGL(2, q) has minimal genus, while also for inﬁnitely many q,
the group PSL(2, q) is an H ∗-group.
2. Parametrization and coset diagrams
The groupPGL(2, q) has a natural permutation representation onPL(Fq), and therefore
any homomorphism  : PGL(2, Z) → PGL(2, q) gives rise to an action of PGL(2, Z)
on PL(Fq).We denote the generators x, y and t of PGL(2, q) by x, y and t . If neither
of the generators x and y for PSL(2, Z) lies in the kernel of , so that x and y are of
orders 2 and 3 respectively, then  is said to be a non-degenerate homomorphism. Two such
homomorphisms  and  are said to be conjugate if =  for some inner automorphism
 of PGL(2, q). It has been proved in [9] that the conjugacy classes of non-degenerate
homomorphisms of PGL(2, Z) into PGL(2, q) correspond in a one-to-one fashion with
the conjugacy classes of non-trivial elements of PGL(2, q), under a correspondence which
assigns to the non-degenerate homomorphism  the class containing the element (xy).
This, of course, means that we can actually parametrize the conjugacy classes of non-
degenerate homomorphisms  : PGL(2, Z)→ PGL(2, q), except for a few uninteresting
ones, by the elements of Fq . That is, we can in fact parametrize the actions of PGL(2, Z)
on PL(Fq).
If  is any such non-degenerate homomorphism, and X, Y and T denote elements of
GL(2, q)whichyield the elementsx, y and t inPGL(2, q),whereFq is not of characteristic
2 or 3, then because of this and because of the fact that x, y and t are of order 2, 3 and 2
respectively, we can take the matrices X, Y and T to be
X =
[
a kc
c −a
]
, Y =
[
d kf
f −d − 1
]
and T =
[
0 −k
1 0
]
,
where a, c, d, f, k ∈ Fq.
We shall write
a2 + kc2 =− = 0 (2.1)
and require that
d2 + d + kf 2 + 1= 0. (2.2)
50 Q. Mushtaq, T. Maqsood / Discrete Mathematics 290 (2005) 47–59
This certainly yields elements satisfying the relations X2 = Y 3 = T 2 = I, where  is
some non-zero scalar and I is the identity matrix. The non-degenerate homomorphism  is
determined by x y because the one-to-one correspondence assigns to  the class containing
x y. So we only have to check on the conjugacy class of x y. The matrix XY has the trace
r = a(2d + 1)+ 2kcf . (2.3)
If trace(XYT)= ks, then
s = 2af − c(2d + 1) (2.4)
so that
3= r2 + ks2. (2.5)
Thus, if we let
= r
2
 (2.6)
then, given the values of q and  we can always ﬁnd the matrices X and Y by using Eqs.
(2.1)–(2.6).
If Fq is of characteristic 2, then we can take X =
[
1 m
0 1
]
and Y =
[
0 −1
1 1
]
. Notice
that in this case =m2 + 1. On the other hand if Fq is of characteristic 3, then by [8], we
can choose the matrices X and Y to be
X =
[
0 m
1 0
]
and Y =
[
1 1
0 1
]
giving us =−1/m where m = 0.
Action of PSL(2, Z) or of PGL(2, Z) on PL(Fq) via the homomorphism  is depicted
by a coset diagram. This is a graph whose vertices are labelled by the elements of PL(Fq).
We deﬁne these coset diagrams as follows.
The 3-cycles of y are represented by small triangles whose vertices are permuted counter
clockwise by y. The pairs of vertices which are interchanged by x are represented by edges.
The ﬁxed points of x and y, if exist, are denoted by heavy dots; to make the diagram less
complicated the loops representing the ﬁxed points of x and y are omitted. In view of the
relations of PGL(2, Z), the associated coset diagram can be drawn in such a way that it has
an axis of symmetry, with reﬂection in that axis representing the action of the transformation
t . In this case (of a connected diagram), the vertices are identiﬁable with the right cosets in
PGL(2, Z) of the stabilizer N of any given point of PL(Fp), so that x or y joins the coset
Ngx or Ngy (for each g ∈ PGL(2, Z)); hence the description coset diagram. By D(, q)
we shall mean a coset diagram depicting the conjugacy class of actions of PGL(2, Z) on
PL(Fq) corresponding to  ∈ Fq.
Choose = 4 from F11.We can ﬁnd a coset diagram D(4, 11) associated with the non-
degenerate homomorphism  : PGL(2, Z)→ PGL(2, 11) as follows.
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Fig. 1.
By Eq. (2.6), = r2/ and so = 4 implies that r2 = 4. Since 4 is a square, therefore
 is a square also. So, we can assume that  = 1 so that r = ±2. Let us choose r = 2
and substitute these values of  and r in Eq. (2.5) to obtain s2 = −1/k. By letting k =
−1, we can make the right-hand side of this equation a square so that we can choose
s = 1. Similarly, if we let d = 0, Eq. (2.2) yields f = ±1.Without any loss of generality,
we can choose f = 1 and substitute the values of r, s, d, k and f in Eqs. (2.3) and (2.4)
to obtain
2= a − 2c,
1= 2a − c.
Solving these equations for a and c, we get a = 0 and c =−1. Thus,
X =
[
0 1
−1 0
]
and Y =
[
0 −1
1 −1
]
.
So we can take x as the transformation z → −1/z, and y as the transformation z →
−1/(z − 1). The associated diagram is given below. We have labelled each vertex to give
full illustration (Fig. 1).
Coset diagrams may be used to provide diagrammatic interpretations of several aspects
of combinatorial group theory. They can be used also as an equivalent to the Abelianized
form of the Reidemeister–Schreier process. The same sort of method is also useful for
the construction of inﬁnite families of ﬁnite quotients of a given ﬁnitely presented group.
Use of coset diagrams to ﬁnd torsion-free subgroups of certain ﬁnitely presented groups
has been instrumental in the construction of small volume hyperbolic 3-orbifolds and other
hyperbolic 3-manifolds with interesting properties. They are also applied to the construction
of arc-transitive graphs and maximal automorphism groups of Riemann surfaces [4].
We are interested in the conjugacy classes of non-degenerate homomorphisms from the
triangle group(2, 3, 11) into PGL(2, q). The non-degenerate homomorphism  yield an
action of (2, 3, 11) on PL(Fq).
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Theorem 1. The group PSL(2, q) is a homomorphic image of (2, 3, 11)= 〈x, y : x2 =
y3 = (x y)11 = 1〉 if
(1) q = 11,
(2) q = p ≡ ±1 (mod 11),
(3) q = p5, where p ≡ ±2 or ±3 or ±4 or ±5 (mod 11).
Proof. Let (X, Y ) be an ordered pair of elements of SL(2, q) corresponding to the gener-
ators x and y such that (XY)11= I. For each (X, Y ) we associate a q-pair r1, r2 ∈ Fq such
that the trace(X)= r1 and the trace(Y )= r2 and theN -pairm, n, where order (X)=m and
order(Y )= n, considered as elements of PSL(2, q). Since the order of x is 2, y has order
3, and x y has order 11, therefore (X, Y ) will provide a pair of elements if the associated
q-pair is (0, 1), where r1 = 0, r2 = 1 and r is the trace of a matrix XY which deﬁnes an
element of PSL(2, q) of order 11. If p ≡ ±1 (mod 11), there are elements of order 11 in
PSL(2, p).Any element of order 11 is conjugate of one of these and will have the trace ly-
ing in the prime ﬁeld. Hence any SL(2, q)–pair whoseN -pair is (2, 3) and (XY)11=I will,
by Theorem 5 in [6], generate a group isomorphic to PSL(2, p).Thus if p ≡ ±1 (mod 11),
PSL(2, p) is a homomorphic image of (2, 3, 11) if and only if = 1. In this case there
are ﬁve distinct traces r1, r2, r3, r4, r5 yielding elements of PSL(2, q) of order 11. Since
all automorphisms of PSL(2, p) preserve the trace, it follows that we have ﬁve distinct
normal subgroups of the Fuchsian group  with factor group PSL(2, q), and PSL(2, p)
is a ((2, 3, 11)) in three ways.
If p=11, elements of orders 11 are necessarily parabolic, i.e., the characteristic equation
of XY has repeated roots. Again by Theorem 5 in [6], PSL(2, 11) is 〈x, y : x2 = y3 =
(x y)11 = 1〉 if and only if = 1.
Now let us consider q=p, wherep ≡ ±2, or±3 or±4 or±5 (mod 11). There is then no
element of order 11 in the groupPSL(2, p), but there are ﬁve conjugacy classes of elements
of order 11 in PSL(2, p5). Any element of order 11 in PSL(2, p) is conjugate to one of
these ﬁve. If r1, r2, r3, r4, r5 are the corresponding traces, all inGF(p5) and as before, traces
(0, 1, ri), where i = 1, 2, 3, 4, and 5, will generate a subgroup isomorphic to PSL(2, p5).
Thus, for these values of p, PSL(2, p) is a homomorphic image of (2, 3, 11) if and
only if = 5. For this family of groups, there is only one Riemann surface on which each
acts, because the traces r1, r2, r3, r4, r5 are conjugate under the automorphism group of
the ﬁeld GF(p5), which induces automorphisms of the group PSL(2, q). Thus all the
homomorphisms of the triangle group onto PSL(2, q) have the same kernal. 
As a consequence of the preceding discussion, we obtain the following result.
Theorem 2. Let q be a power of a prime p. Then an action of PSL(2, Z) on PL(Fq) yields
the homomorphic images of (2, 3, p) as a subgroup of PSL(2, q).
Next, we shall ﬁnd the values of  in Fq which yield the conjugacy classes of non-
degenerate homomorphisms from (2, 3, 11) into PGL(2, q). In other words, we shall
look for  which yields, through Eqs. (2.1)–(2.6), the generating pairs (x, y) satisfying the
relations x2 = y3 = (x y)11 = 1.
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Theorem 3. For each zero of f (z) = z5 − 9z4 + 28z3 − 35z2 + 15z − 1 in Fq , where
f (z) ∈ Z[z] and q is a prime number such that q = 11 or q = p ≡ ±1 (mod 11) or
q ≡ p5 where p ≡ ±2 or ±3 or ±4 or ±5 (mod 11), there exists a conjugacy class of
non-degenerate homomorphisms  such that (PGL(2, Z))=〈x, y : x2=y3=(x y)11=1〉.
Proof. Since q is a prime number such that q = 11 or q = p ≡ ±1 (mod 11) or q ≡ p5
where p ≡ ±2 or ±3 or ±4 or ±5 (mod 11), therefore, due to a result of Macbeath [6],
there are ﬁve distinct traces r1, r2, r3, r4, r5 of elements of the group SL(2, q), that yield
elements of order 11 in PSL(2, q).Thus there are ﬁve conjugacy classes of non-degenerate
homomorphisms  from (2, 3, 11) into PGL(2, q). Every element of PSL(2, q) that
comes from an element of SL(2, q) with trace r1, r2, r3, r4 or r5 must have order 11. Now
suppose A is any element of SL(2, q) which has the trace r = r1, r2, r3, r4 or r5. As A is
conjugate in GL(2, q2) to a matrix B of the form
[
 0
0 −1
]
,
where  is a primitive 11th root of unity in Fq2 , we have r = tr(A) = tr(B) =  + −1.
Next, r2 = ( + −1)2 = 2 + −2 + 2, so r2 − 2 = 2 + −2, which is the trace of B2;
and r3 = ( + −1)3 = 3 + 3 + 3−1 + −3, so r3 − 3r = 3 + −3, which is the
trace of B3. So (r2 − 2)2 = (2 + −2)2 implies that r4 − 4r2+ 4 = 4 + −4 + 2, and
4 + −4 = r4 − 4r2 + 2 which is the trace of B4. Next 5 + −5 = r5 − 5r3 + 5r , which
is the trace of B5.
Now since 11 = 1 and  = 1, we have 10 = −1, 9 = −2, 8 = −3, 7 = −4,
6=−5. That is (+−1)+ (2+−2)+ (3+−3)+ (4+−4)+ (5+−5)+1=0
which implies that r5+ r4− 4r3− 3r2+ 3r + 1= 0 or r(r4− 4r2+ 3)= (−r4+ 3r2− 1).
Since tr(B) = r and det(B) = 	 = 1, we can put  = r2 in the equation to obtain r(2 −
4+ 3)= (−2+ 3− 1). Squaring both sides we get (2− 4+ 3)2= (−2+ 3− 1)2.
This implies that 5 − 84 + 223 − 242 + 9 = 4 − 63 + 112 − 6 + 1. So we
obtain 5 − 94 + 283 − 352 + 15 − 1 = 0. Thus, x y has order 11 if and only if
f ()= 5 − 94 + 283 − 352 + 15− 1= 0. If  is a primitive 11th root of unity in the
appropriate characteristic, the roots of this equation are
1 = + −1 + 2,
2 = 2 + −2 + 2,
3 = 3 + −3 + 2,
4 = 4 + −4 + 2,
5 = 5 + −5 + 2. (2.7)
If the characteristic p satisﬁes p ≡ ±1 (mod 11), then 1, 2, 3, 4, 5 lie in Fp. Thus
we get ﬁve different coset diagrams.
The coset diagramD(, q),where  is a zero of f (z)=z5−9z4+28z3−35z2+15z−1
in Fq, will be such that each vertex in the diagram will be ﬁxed by (x y)11. 
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If 1 + 2 is a zero of z5 − 9z4 + 28z3 − 35z2 + 15z − 1 in Fq , then the other zeros are
given by
2 = 21,
3 = 31 − 31 + 2,
4 = 41 − 421 + 4,
5 = 51 − 531 + 51 + 2.
Either all ﬁve zeros are squares in Fq, or exactly one of them is.
The diagram D(4, 11) is symmetric, that is, the permutation (0 ∞)(1)(2 6)(3 4)(5 9)
(7 8)(10) gives a reﬂection about a vertical axis. Also this permutation is the same as the
one induced by the transformation t : z → 1/z, which is an element of PGL(2, 11),
and it is easy to verify (either geometrically or by direct calculation) that the relations
t
2 = (xt)2 = (yt)2 = 1 are satisﬁed.
A surface is said to be of genus g if it is topologically homeomorphic to a sphere with
g handles. The genus of the ﬁnite group is the smallest genus of its Cayley graphs, that
is, the smallest genus of all the closed orientable surfaces into which can be embedded
the Cayley graph corresponding to some presentation for that group [3]. Maschke has
classiﬁed the groups of genus 0 which are well known as the spherical space groups (see
[16]). Viera Proulx has done the classiﬁcation of all groups of genus 1 in [11]. Singerman
has deﬁned anH ∗-group in [12] as a group which is identiﬁable with a group of 84(p− 2)
homeomorphisms of a non-orientable surface having p cross-caps. All but ﬁnitely many of
the alternating groups An are H ∗-groups [3].
Theorem 4. Let (x, y) be a (2, 3, 11)-generating pair forPSL(2, q).Then the correspond-
ing coset diagram has reﬂection symmetry about the vertical axis representing an automor-
phism 
 of PSL(2, q) such that x
 = x−1 and y
 = y−1, and then G= PSL(2, q)× 〈
〉
has minimal genus. Also, 
 corresponds to conjugation by some element t in PGL(2, q),
such that
(1) if t ∈ PSL(2, q) then G ∼= PSL(2, q)× C2, and
(2) if t /∈PSL(2, q) then G ∼= PGL(2, q).
Proof. If (x, y) is a generating pair such that x2 = y3 = (x y)11 = 1, then by the proof
of Singerman’s Theorem 3 from [13], there exists an automorphism 
 of PSL(2, q) such
that x
 = x−1 and y
 = y−1. It is easy to check that relations 
2 = (x
)2 = (y
)2 = 1 are
satisﬁed in G, so that G has minimal genus.
Suppose 
 happens to coincide with an inner automorphism of PSL(2, q), say t . Then
since t2 centralizes the generators x and y, but PSL(2, q) has trivial centre, we ﬁnd t2=1.
As also (xt)2 = (yt)2 = 1, it follows that PSL(2, q) is an H ∗-group. On the other hand,
also t
 centralizes every element of PSL(2, q), hence
G= 〈x, y,
〉 = 〈x, y, t
〉 ∼= 〈x, y〉 × 〈t
〉 ∼= PSL(2, q)× C2.
If, 
 is not an inner automorphism, then 
 can be taken as an element t of the group
PGL(2, q). To see this, we recall that q is either a prime p or a prime power p5, and
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use the fact that the automorphism group of PSL(2, q) is the group PL(2, q), which is
an extension of PGL(2, q) obtainable by adjoining ﬁeld automorphisms. In particular, as
PSL(2, q) is a normal subgroup of index 2 or 6 in its automorphism group. It follows that
G has to be isomorphic to PGL(2, q).
Hence for each q, where q = 11 or q ≡ ±1 (mod 11), or q = p5, where p ≡ ±2 or ±3
or ±4 or ±5 (mod 11) if either PSL(2, q) × C2 or PGL(2, q) has minimal genus, and in
the former case also PSL(2, q) is an H ∗-group. 
From the coset diagramsof actions of(2, 3, 11)onPL(Fq)whereq is a prime congruent
to ±1 (mod 11), something of a pattern emerged: for each prime there are ﬁve diagrams,
but three of these has an axis of symmetry passing through two vertices. In other words,
in three diagrams the transformation t ﬁxes two points of PL(Fq), while in the other two
diagrams t ﬁxes no points except for the prime 89, in which only in one coset diagram, the
transformation t ﬁxes two points. It is easy to identify the permutation induced by t as being
either odd or even, according to the value of q ≡ ±1 (mod 4), and then correspondingly,
the group 〈x, y, t〉 is either PGL(2, q) or just PSL(2, q).
The fact whether t has ﬁxed vertices inD(, q) or not helps to determine the structure of
〈x, y, t〉. Therefore, in the following theorem we see when a coset diagram for the action
of PGL(2, Z) on PL(Fq) contains a line of symmetry passing through two vertices of
PL(Fq).
Theorem 5. The group PSL(2, q) has a (2, 3, 11)-generating pair (x, y) whose coset
diagram has two vertices on its axis of symmetry, i.e., the transformation t has ﬁxed vertices
in D(, q) if and only if (− 3) is a square in Fq.
Proof. First we show that the ﬁxed points of x exist in D(, q) if q ≡ 1 (mod 4) and there
do not exist ﬁxed points of x if q ≡ 3 (mod 4).
Since y and x y have odd orders, they lie in PSL(2, q) and hence so does x. This implies
that the permutation induced by x is even. Since r2 =,  is a square if and only if  is.
This means that x is in PSL(2, q) if and only if−1 is not a square in Fq and q ≡ 1 (mod 4).
Thus x has ﬁxed vertices inD(, q) if and only if −1 and  are either both squares or both
non-squares in Fq. That is, x has ﬁxed vertices in D(, q) if q ≡ 1 (mod 4) and it does
not have ﬁxed vertices if q ≡ 3 (mod 4). This means that for the non-degenerate homo-
morphism with parameters , x is an element of PSL(2, q) if and only if − is a square
in Fq.
Let  be the automorphism of PGL(2, Z), deﬁned by x=xt, y=y and t= t.Then if
 : PGL(2, Z)→ PGL(2, q)maps x, y, t to x, y, t the homomorphism /= maps x,
y, t to xt, y, t. If we let X,Y and T denote elements ofGL(2, q) which yield the elements
x, y and t in PGL(2, q), then obviously X, Y and T can be taken as follows:
X =
[
a kc
c −a
]
, Y =
[
d kf
f −d − 1
]
and T =
[
0 −k
1 0
]
,
where k = 0 and a, c, d, k, f ∈ Fq such that they satisfy Eqs. (2.1)–(2.6). We recall that,
by lemma 3.2 in [9], x y will be of order 2 if and only if trace (XY)= r = 0 and similarly
x y t will be of order 2 if and only if trace(XYT )/k=s=0.Recall that is the determinant
of XY so that the parameter of x y is r2/, which we have denoted by .
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Also ks is the trace of XYT and k is its determinant. If we let  = ks2/, we get
 +  = (r2 + ks2)/. Substituting the values of r and s, from Eqs. (2.3) and (2.4), in
 +  = (r2 + ks2)/ and then substituting of the Eq. (2.2) and  = −(a2 + kc2), we
obtain + = 3. That is, if  is the parameter of  then 3−  is the parameter of /.
Since change from  to / interchanges both x and xt and  and 3− , it follows that xt
maps to an element of PSL(2, q) if and only if −(3 − ) is a square in Fq. Since t is in
PSL(2, q) if both or neither of x and xt is, but not if just one of them is, t is in PSL(2, q) if
and only if (3− ) is a square in Fq. Now t has ﬁxed points in PL(Fq) if either t belongs
to PSL(2, q) and q ≡ −1 (mod 4) or t does not belong to PSL(2, q) and q ≡ 1 (mod 4)
is equivalent to saying that −1 is a square in Fq, we conclude that t has ﬁxed vertices in
D(, q) if and only if −(3− ) is a square in Fq. Hence the result. 
In particular, if q = 11 or q = p where p ≡ ±1 (mod 11) or q = p5, where p ≡ ±2 or
±3 or ±4 or ±5 (mod 11) then (x y)11 = 1, and so x belongs to PSL(2, q). Therefore −
is a square in Fq. Thus we have the following corollary.
Corollary 1. If q = 11 or q =p where p ≡ ±1 (mod 11) or q =p5, where p ≡ ±2 or±3
or ±4 or ±5 (mod 11) then the transformation t has ﬁxed vertices inD(, q) if and only if
(− 3) is a square in Fq.
Theorem 6. If q = 11 or q = p, where p ≡ ±1 (mod 11) or q = p5, where p ≡ ±2 or
±3 or±4 or±5 (mod 11), then, the necessary and sufﬁcient condition for PGL(2, q) and
PSL(2, q)× C2 to have minimal genus is that q ≡ 3 (mod 4) or q ≡ 1 (mod 4).
Proof. When q itself is prime, there are ﬁve distinct traces r1, r2, r3, r4, and r5 of elements
of the group SL(2, q) that yield elements of order 11 in PSL(2, q), and thus there are ﬁve
conjugacy classes of (2, 3, 11)-generating pairs for PSL(2, q). On the other hand, when
q = p5 for some prime p, there are still ﬁve such traces, but these are all conjugate under
automorphisms ofFq, and so there is just one conjugacy class of (2, 3, 11)-pairs in this case.
Also it is important to note that in both cases, every element of PSL(2, q) that comes from
an element of SL(2, q) with trace r1, r2, r3, r4 or r5 must have order 11. (Indeed except
when the trace is ±2, the trace of any element of SL(2, q) determines its order.)
Notice that as the matrix T has determinant−1, it yields an element of PSL(2, q) if and
only if −1 is a square in Fq . In other words, t ∈ PSL(2, q) if and only if q ≡ 1 (mod 4).
When q ≡ 3 (mod 4), the elements x, y and t generate PGL(2, q), which therefore has
minimal genus. If, however, q ≡ 1 (mod 4), then x, y and t generate PSL(2, q), which is
therefore an H ∗-group, and this time PSL(2, q)× C2 has minimal genus.
On the other hand, suppose that the coset diagram given by some (2, 3, 11)-generating
pairs for PSL(2, q) has no points on its axis of symmetry. This means the associated trans-
formation t has no ﬁxed points, and is therefore an even permutation if q ≡ 3 (mod 4), but
odd if q ≡ 1 (mod 4). Accordingly, as PSL(2, q) is the subgroup of even permutations
in the action of PGL(2, q) on the projective line over Fq, we ﬁnd t ∈ PSL(2, q) only
when q ≡ 3 (mod 4). Hence in this case PGL(2, q) has minimal genus if q ≡ 1 (mod 4),
while PSL(2, q) × C2 has minimal genus and PSL(2, q) is an H ∗-group if q ≡ 3
(mod 4). 
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Fig. 2.
Fig. 3.
Fig. 4.
Example 1. As an illustration, let us consider q = 23. Here the zeros of the polynomial
z5 − 9z4 + 28z3 − 35z2 + 15z − 1 are 6, 8, 12, 13, 16 and of these 6− 3, 12− 3, 16− 3
are squares in Fq. The ﬁve corresponding diagrams are as follows (Figs. 2–6).
In the second and fourth cases the reﬂection t ﬁxes no point and so 〈x, y, t〉=PGL(2, 23).
In the ﬁrst, third and ﬁfth cases t ∈ PSL(2, 23) and hence 〈x, y, t〉 = PSL(2, 23)× C2.
As a consequence of Theorem 5, one can make the following deductions.
Corollary 2. PGL(2, q) is generated by x, y, t such that x2= y3= t2= (x t)2= (y t)2=
(x y)11 = 1 with the subgroup 〈x, y〉 being non-trivial and of index 2 in PGL(2, q) if
and only if either q ≡ 3 (mod 4) or q ≡ 1 (mod 4) and two of the zeros of polynomial
f (z)= z5 − 9z4 + 28z3 − 35z2 + 15z− 1 are non-squares in Fq.
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Fig. 5.
Fig. 6.
Corollary 3. PSL(2, q)×C2 is generated by x, y, t such that x2=y3=t2=(x t)2=(y t)2=
(x y)11 = 1 with the subgroup 〈x, y〉 being non-trivial and of index 2 in PGL(2, q)× C2
if and only if either q ≡ 1 (mod 4) or q ≡ 3 (mod 4) and two of the zeros of polynomial
f (z)= z5 − 9z4 + 28z3 − 35z2 + 15z− 1 are non-squares in Fq.
We have given on http://www.pakmathsociety.netleaf.co.uk/members/tariqmaqsood/Ho
momorphicImages.pdf a list of triplets x, y, t such that x2 = y3 = (x y)11 = t2 = (x˙ t)2 =
(y t)2 = 1 for all q500. Here q denotes the primes of the type q = 11 or q = p where
p ≡ ±1 (mod 11) and f ()= 5 − 94 + 283 − 352 + 15− 1.
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